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Abstract 

In this paper, we investigate a central limit theorem for weighted sums of independent 
random variables under sublinear expectations. It is turned out that our results are 
natural extensions of the results obtained by Peng and Li and Shi. 
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1 Introduction 

Many useful linear statistics based on a random sample are weighted sums of i.i.d. random 
variables, for example, least-squares estimators, nonparametric regression function estimators and 
jackknife estimates, etc. In this respect, studies of limit theorem for these weighted sums have 
demonstrated significant progress in probability theory with applications in mathematical statistics, 
see [1] et al. 

In 2006, motivated by measures of risk, super-hedge pricing and model uncertainty in finance, 
Peng (see [12], [13]) introduced the notion of independent and identically distributed random vari- 
ables under sublinear expectations. He also obtained the law of large numbers and a new central 
limit theorem in the framework of sublinear expectation space in [13]. The notions of G-distributed, 
G-Brownian motion and G-expectation were introduced by Peng in |15j-|17]. These notions have 
very rich and interesting new structures which nontrivially generalize the classical ones. Since then, 
many results have been obtained in [2-9], [11] and [18-21], etc. 

However, to our knowledge, there are only few research results about central limit theorem 
under sublinear expectations. Up to now, Hu and Zhang [8] obtained the central limit theorem for 
capacities induced by sublinear expectations. A central limit theorem without the requirement of 
identical distribution was obtained by Li and Shi in [lOj. In this paper, we obtain a central limit 
theorem for weighted sums of independent random variables under sublinear expectations. It is 
turned out that our results are natural extensions of the results obtained by Peng [H] and Li and 
Shi [lOj. 
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This paper is organized as follows: in Section 2, we recall some notions and propositions under 
sublinear expectations that are useful in this paper. In Section 3, we give our main result including 
the proof. 

2 Preliminaries 

In this section, we recall some basic notions such as sublinear expectation, identical distribution, 
independence and G-distributed (see Peng [l2]-[l7]), et al. 

For a given positive integer n, we denote by (x, y) the scalar product oi x^y € ii" and by 
|x| = {x^x)^/"^ the Euclidean norm of x. We denote by S{n) the collection of n x n symmetric 
matrices. 

Let O be a given set and let T-Lhe a linear space of real-valued functions defined on Vt such that 
if Xi, • • • G "H, then (p[Xi, ■ ■ ■ ,Xn) G Ti. for each ip G Ci^up[R^)i where Ci^iip{R^) denotes the 
linear space of (local Lipschitz) functions satisfying 

W{x) - (^(y)l < C(l + \xr + lyDk - y|, Vx,y G i?", 

for some constants C > 0; m G depending on ip. % is considered as a space of random variables. In 
this case X = {Xi, • • • , Xn) is called an n-dimensional vector, denoted by X G li^. we also denote 
• Ch,iip{R"') ■ the space of bounded and Lipschitz continuous functions. 

Definition 2.1. A nonlinear expectation E on H is a functional E : "H i— M satisfying the following 
properties: for all X, y G we have 

(a) Monotonicity: UX >Y then E[X] >E[Y]. 

(b) Constant preserving: E[c] = c. 

The triple (r2,'H,E) is called a nonlinear expectation space (compare with a probability space 
{i},J-',P)). We are mainly concerned with sublinear expectation where the expectation E satis- 
fies also 

(c) Sub-additivity: E[X] -E[Y] <E[X -Y]. 

(d) Positive homogeneity: E[AX] = XE[X], VA > 0. 

If only (c) and (d) are satisfied, E is called a sublinear functional. 

Let X = {Xi, • • • , Xn) be a given n-dimensional random vector on a sublinear expectation space 
{^},7i,E). We define a functional on Ci^iip{R^) by 

FxM := E[v9(X)] : ^ G Ci,up{R^) ^ R. 

Fx is called the distribution of X. 

Definition 2.2. Let Xi and X2 be two n-dimensional random vectors defined respectively in 
sublinear expectation spaces (r2i,^i,Ei) and {0.2 ■,'112 1^2) ■ They are called identically distributed, 
denoted by Xi = X2, if 

Ei[(^(Xi)] = E2 [99(^2 )],Vv? G Cmp{R^). 

If the distribution Fx of X G "H is not a linear expectation, then X is said to have distributional 
uncertainty. The distribution of X has the following four typical parameters: 

j2 := E[X]; := -E[-X]; := E[X^]; := -E[-X^]. 

The intervals [/x, p] and characterize the mean-uncertainty and the variance-uncertainty of 

X respectively. 
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Definition 2.3. In a sublinear expectation space {Q,T-L,E), a random vector Y G is said to 
be independent from anotlier random vector X £ 7i"^ under ]£[•] if for each test function ip E 
we have 

E[^{X,Y)] =E[E[ip{x,Y)]^=x]- 

It is important to note that under sublinear expectation the condition "y is independent from 
X" does not imply automatically that "X is independent from Y" . 

Definition 2.4 (maximal distribution). A d-dimensional random vector rj = (rji,--- ,r]d) on a 
sublinear expectation space (Oj'HjE) is called maximal distribution if there exists a bounded, closed 
and convex subset T <Z such that 

E[ip{ri)\ = max(^(y),99 e Q^npiR'^). 

It is easy to check that this maximal distributed random vector rj satisfies 

ar] + bfj = {a + b)r], Va, 6 > 0, 

where f] is an independent copy of rj, namely, f] = rj and fj is independent from rj. 

Definition 2.5 (G-normal distribution). A d-dimensional random vector X = (Xi,--- ,Xd)'^ 

on a sublinear expectation space {^},T-L,E) is called G-normal distribution if 

aX + bX = \Ja^ + b'^X, ^a, b>0, 

where X is an independent copy of X. 

Given a pair of d-dimensional random vectors(X, y) in a sublinear expectation space(il, "H, E), 
Peng defined a function 

G{P,A):=t[^{AX,X) + {P,Y)], iP,A)eR''xSid). (2.1) 

It is easy to check that G : R'' x S{d) R is a sublinear function monotonic in A £ S{d) in the 
following sense: for each P,P € R'^ and A,Ae S{d) 

' G{P + P,A + A)< G{P, A) + G(P, A), 

G{XP, XA) = XG{P, A),\/X> 0, (2.2) 
GiP,A)>Gip,A),zfA>A. 

Clearly, G is also a continuous function. 

Proposition 2.1 (see Peng [U]). Let G : R'^ x S{d) — t- i? be a given sublinear and continuous 
function, monotonic in ^ G S{d) in the sense of (2.2). Then there exists a G-normal distributed 
d-dimensional random vector X and a maximal distributed d-dimensional random vector rj on some 
sublinear expectation space (ri,'H,E) satisfying (2.1) and 

{aX + bX,a^r] + b^f]) = {y^a^ + b^X, (a^ + b^)r]),ya, b > 0, (2.3) 
where {X,fi) is an independent copy of {X,ri). 

Definition 2.6 (G-distributed). The pair {X,r]) satisfying (2.3) is called G-distributed. 
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(2.4) 



Proposition 2.2 (see Peng [IT]). For the pair {X,r]) satisfying (2.3) and a function ip G Ci^iip{R'^ 
R'^), then 

u{t, X, y) := E[(p{x + Vx, y + tij)], {t, x, y) G [0, <x) x x R'^ 
is the unique viscosity solution of the PDE 

j dtu - G{DyU, dIu) = 0, 

\ u\t=o = if, 

where G : R'^ x S{d) ^ R is defined by (2.1) and DyU = {dy^u)f^^, D'^u = {dl^^.u)fj^^. 

3 Main results 

In this section, we give our main result and proof. 
Theorem 3.1. Let {{Xi,Yi)}'?2^i be a sequence of R'^ x R'^- valued random vectors on a sublinear 
expectation space {Q,T-l,E) satisfying the following conditions: 

(1) (Xj+i, li+i) is independent from {{Xi,Yi), • • • , (Xj, 1^)} for each i = 1, 2, • • • ; 

(2) E[Xi] = E[-X^] = 0, E[Xf] = af, -E[-Xf] = al where < < a, < oo; 

(3) E[Yi\ = fii, -E[-Yi\ = fi., ]E[|Xi|2+°] + E[|y,|2+"] < oo for every a G (0, 1). 

(4) Let {wi,i > 1} be a sequence of reals satisfying 

n-l 

lim - — — — = 0, 

n 

where Wn = Yl'^l- 

i=l 

(5) There are constants ft G R'^,fi e R''-,a e {R^Y,g_ G {R'^Y such that 

n— 1 2 

and 

Then for every test function (p G Cb,iip{R'^), we have 

lim E[cp{Sn)]=E[^iX + r])], 

n— >oo 

where {Sn} is defined by 

n 



n^oo ^ — ' Wn 
i=0 



n—1 2 

wt 



and the pair {X, rj) is G-distributed. The corresponding sublinear function G : R'^ x S{d) — )■ i? is 
defined by 

G{P,A) := l{{A+a,a) - {A-a,a)) + {P+,fl) - {p-,ij), PgR^^Ag S{d), 



where A'^ := max.{A,0),A := max(— ^4,0). 

Proof. For a small but fixed /i > 0. Let V be the unique viscosity solution of 

dtV + G{D^V, DlV) = 0, {t, x) e[0,l + h)x R^, V\t=i+h = ^- (3.1) 
From Proposition 2.2, we have 

x) = E[ip{x + Vl + h-tX + {l + h- t)r])] , 

thus 

V{h,0) = E[ip{X + r})], V{l + h,x) = ip{x). 

Because 

\E[ip{Sn)] - E[^{X + rj)]\ = \E[V{1 + h, Sn) - V{h, 0)]| 

= \E[V{l + h,Sn)]-E[V{hSn)] 

+ t[V{l, Sn)] - V{0, 0) + y (0, 0) - Vih, 0)] I (3.2) 

< \E[V{l + h,Sn)]-E[V{l,Sn)]\ 

+ |y(0,0) - Vih,0)\ + \E[V{1, Sn)] - V{0,0)1 

then we have 

\E[V{1, Sn)] - E[V{1 + h, Sn)]\ = \E[v{Sn)] - E[<^(5„ + VhX + hv)]\ 

<Cli^/hE[\X\]+hE[\r|\]), 

and 



\V{0,0) -V{h,0)\ = \E[^{VTThX + {l + h)r])]-E[.fiX + r])]\ 
< C2{{VlTh - 1)E[\X\] + hEM). 



(3.3) 



(3.4) 



Next, let's compute the bound of \V{1, Sn) — V{0, 0)|, we set = 0,do = 0, Si = — , 1 <i <n. 
Then 



n-l 



Vil, Sn) - V{0,0) = ^{V{5i+i,Si+i) - V{Si,Si)} 

i=0 

n-l 

= Y,{[yiSi+uSi+i) - V{5i,Si+i)] + [Vi6i,Si+,) - V{6i,Si)]} (3.5) 

1=0 
n-l 



1=0 

where 

2 2 2 

Ai = '^dtV{di,Si) + l{D^V{^i,Si)Xi+^,Xi+^)'^ + (W(<5,,5,),X,+i^ + ^^m), 

yVn 2 Wn y/Wn Wn 
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+ p^,Si+i)-dtV{Si,Si+i)W 



with 



+ {D^V{5i,Si 



1 rl 



+ 



Jo 



We note that 



(3.6) 



then 



< 



1 y;^ 

-^niD'V{5„ Serial, - a') + (I)V(<5„ - 



+ 



1 li;: 



< -- 



2 



(3.7) 



+ 



+1 



(lAm - Al + Im -M,+il)E[|W(,5„5,)|]. 



It is easy to check that there exist constants €3,04 > 0, such that E[|L'^y((5i, 5i)|] < C3 and 
E[\DV{Si,Si)\] < C4. Then we obtain 



rt— 1 



n— 1 



i=0 



i=0 



i=0 
n—l 2 



i=0 



(3.8) 



By (5) in Theorem 3.1, we have 



n-l 



lim E\y^ AA < 0. 



i=0 



(3.9) 
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Similarly, we also have 

n— 1 



n—^oo 

i=0 



lim E[V Aj] > 0. (3.10) 

n. — ^oo ' ^ 

Thus 

Jim EE A] =0. (3.11) 

For since both dtV and D^V are uniformly —holder continuous in t and a-holder continuous 
in X on [0, 1] x i?'^, then 



,,,2+a 



Thus 



n— 1 n— 1 

-^9^^^ ^ E[ni,5n)] - v{o,o) < c,^^^. 



(3.12) 



(3.13) 



By the condition (4) in Theorem 3.1, as n — )■ oo, we have 

Jim E[F(1,5„)] = y(0,0). (3.14) 
It follows from (3.2)-(3.4) and (3.14) that 

limsup \t[ip{Sn)] - t[ip{X + v)]\< Cio{h + Vh). (3.15) 

n— >oo 

Since h can be arbitrarily small, we have, 

lim E[ip{Sn)]=n^{X + ri)]. 

The proof is complete. 

From the Theorem 3.1, we can obtain the following corollaries: 
Corollary 3.1. Let {Xi}'?^^ be a sequence of R'^- valued random vectors on a sublinear expectation 
space {il,Ti,K) satisfying the following conditions: 

(1) Xj+i is independent from {Xi, • • • , Xi) for each z = 1, 2, • • • ; 

(2) E[Xi] = E[-Xi] = 0, E[Xf] = al -E[-Xf] = , where < < < oo; 
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(3) ]E[|X,|2+°] < oo for every a G (0, 1). 

(4) Let {wi,i > 1} be a sequence of reals satisfying 



n 

,,2 



where Wn = '^i 

i=l 

(5) There are constants a G {R^)'^,£. G {R'^)'^ such that 

n— 1 2 



«=0 



Then for every test function if G Cb,iip{R'^), we have 

lim E[(^(5„)] = t[^iX)] 

ra— >oo 

where is defined by 



n ^ 



.=1 v^^n' 

and X is a G-normal distributed random vector and the corresponding subhnear function G : S{d) — )• 
R is defined by 

G{A) := ^i{A+a,a) - {A-a,a)), A G Sid). 

Remark 3.1. Let Wi = l,i = 1, ■ ■ ■ , and d = 1 in Corollary 3.1, then it is the main result of Li and 
Shi (see [TO]). 

Corollary 3.2. Let {{Xi,Yi)}'^^ be a sequence of R'^ x R"^- valued random vectors on a sublinear 
expectation space {0,,T-L,K) satisfying the following conditions: 

(1) y^+i) = (X„ Yi) for each i = 1, 2, • • • ; 

(2) (Xj+i, li+i) is independent from {{Xi, Yi), • • • , (Xj, Yi)} for each i = 1, 2, • • • ; 

(3) E[Xi] = E[-Xi] = 0, E[|Xi|2+"] +]E[|yi|2+°] < oo for every a G (0,1). 

(4) Let {wi,i > 1} be a sequence of reals satisfying 

n-l 

lim - — — — 7^ = 0, 



n 

,2 



where Wn = ^wf. 

function ip £ Cj, 

lim E[ip{Sn)]=n^iX + r])], 



i=l 

Then for every test function ip G Ci)^iip{R'^), we have 



where {5„} is defined by 

71 

w, 



i=l 
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and the pair (X, r/) is G-distributed and the corresponding subhnear function G : x S{d) ^ R is 
defined by 

G{P,A) := E[^{AXi,Xi) + P€R'',Ae S{d). 

Remark 3.2. Let Wi = l,i = 1, in Corollary 3.2, we can get the result of Peng (see |14]). 
Remark 3.3. Let Wi = l,i = 1, ■ ■ ■ , in Corollary 3.2, we can get the result of Peng (see |14]). 
Corollary 3.3. Let {lil^^^ be a sequence of R'^- valued random vectors on a sublinear expectation 
space (il,^,E) satisfying the following conditions: 

(1) y^+i is independent from {Yi, ■ ■ ■ , Yi} for each i = 1, 2, • • • ; 

(2) E[Yi] = fii, -E[-y,] = fi., ]E[|y,|2+°] < oo for every a E (0, 1). 

(3) We assume that there exist and fi such that 



^ n— 1 

lim - lA - fii+il 



i=0 

and 



1 V^i 

lim — > IfJ...-, — m = 0. 

n^oo n ^ — ' — — 

Then for every test function Lp G Cb,iip{R'^), we have 



lim %(^^)]=]E[(p(r,)], 

n— >-oo n 



where rj is maximal distribution. The corresponding sublinear function G : R'^ R is defined by 

G(P):=(P+,A>-(P~,/^>, PGii'. 



Remark 3.4. If /ij = /x and fx. = fi for all 1 < i < n, then it is the law of large numbers under 
sublinear space (see Peng [14]). 
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